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In performing the Laplace t ransformat ion ,  the problem of representat ion by changing from 
a se r ies  expansion in one sys tem of eigenftmctions to a se r ies  expansion in another sys tem 
is reduced to an infinite sys tem of l inear  equations. The Kramer  rule is used for con- 
s truct ing the original function. This method is par t icu lar ly  suitable for the analysis  of a 
regular  heating mode. 

In pract ical  thermotechnical  design one encounters problems involving sys tems  with a sudden in- 
homogeneity in the mater ia l  in the direction normal  to the flow of heat  [1-3]. The spatial inhomogeneity 
in these problems is due mainly not  to the nature  of the boundary conditions but to the s t ructure  of the 
region for which the solution is sought. In these cases  the heat  propagates deeper into a s t ructure ,  es -  
sent ia l ly  along components whose thermal  conductance is high. In a r igorous solution of such problems,  
however,  it is neces sa ry  to take into account also the heat  storing capacity of contiguous components 
whose thermal  conductance is low. 

We will analyze this problem on a simple mathematical  model of such sys tems:  

OJA-=a~L~t, + u s  [z~E(O, 6~), rE(ro, (ro +1))], (1) O~ 

( 0  "~ 03 O )  

Oti r=rA 0--7 =(~l)Ah~A[t~]~rz--t~], r z = ( r o + A ) ,  A = 0 ,  1, (2) 

Oz--~ = g~[t~i --  tl/z~=~i], (3) 

tx Iz,=0 = t2 (~,=o - -  [ Or2 I (4) 

" = u = u (r, % (5)  

t~ I~=o == Fi = F~(r, zO. " (6) 

We note that tAi and t6i in (2) and (3) can be functions of zi, �9 and of r ,  r ,  respect ively,  while (4) and (5) 
represent  the conditions of nonideal contact (when f ~ 0) with heat emission at  the surfaces .  

The special case of sys tem (1)-(6) with an ideal contact and equal Biot numbers has been considered 
in [4]  ( a  two- layer  rectangular  beam with botmdary conditions of the f i rs t  kind) and by Kirshbatun in [3] 
(contact between two semiinfinite cylinders) .  

An essent ial  feature of our problem is that  hl/x and h2A can be different,  which creates  major dif-  
ficulties in t reat ing conditions (4) and (5) when the separat ion-of-var iables  method is used. 

We will assume that functions u, ui, and F i sa t is fy  the Diriehlet  conditions and are expressible in 
t e r m s  of se r ies  of the kind 
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Vi = Y",~Yi~Rin, Y-'r~an = ~ an (7) 
n=l 

in e i g e n f m c t i o n s  of  the fo l lowing e igenva lue  p r o b l e m :  

a2Rin 
OP 

aRin 

.OR,~ _ ( _  I)~ hzAR i,* { = O. 
O f  r = r A  jr=rA 

(8) 

(9) 

L e t  a l so  v i be an a r b i t r a r y  funct ion which sa t i s f i e s  (2)-(3) and is e x p r e s s i b l e  as  s e r i e s  of  the (7) 
kind,  t o g e t h e r  with its Lap l ac i an  L iv i  . 

In this c a s e ,  p e r f o r m i n g  the L a p l a c e  t r a n s f o r m a t i o n  with r e s p e c t  to r (with the p a r a m e t e r  p defined 
as in [5]) and subsequen t ly  s e p a r a t i n g  the v a r i a b l e s  in o r d e r  to find the t r a n s f o r m s ~ i ,  one obtains  

ti = vl -}- ~i; ~i  = Y',~Ri,~(C~nZi~ + (Din), (10) 

w h e r e  

Zi~ = (ch Y,,~ + giq~ 1 sh Yi,~) , 

(I)in = (Pin - -  (El -~- qi,~) exp Yi~ 

and CPin is the p a r t i c u l a r  solut ion to  the equat ion 

de 2 i n ( ~ i n = U i n ;  U i - -  - -  i - - l ~ i  

a i 

In (12) and f u r t h e r  on we use the fol lowing kind of  nota t ion:  

qi,~ = ] /PaT '  + 32 - ( i i )  

, Yi~ = q i n ( S i -  z~) (12) 

L~. (i3) 

dOi. i d % .  i 

F o r  d e t e r m i n i n g  the cons tan t s  C in in (10), one mus t  c o n s i d e r  the " con t igu i t y .  condi t ions  at  z i = 0, 
wh ich  follow f r o m  (4) and (5): 

OO 2 - -  

~ _  ,< + :  ~ ~ _ ~ _ f  o~ _ = ~ - V = Z,Y,~R.2., ( i4 )  

(i5) 

It  is conven ien t  h e r e  to u t i l ize  the pos s ib i l i t y  o f  s e r i e s  expansion 

R~a = Embir.,nR~m for i=/=], r o < r < ( r o  + 1). (16) 

Spec i f ica l ly ,  fo r  r 0 = 0 the f o r m u l a  in [6] y ie lds  

2 (h21 h -- n) aymJ~,,i 

w h e r e  J in r  = J0( a inr) is the z e r o t h - o r d e r  B e s s e l  ffmction of  the f i r s t  kind and a in a r e  the r o o t s  of  the equa-  
t ion 

1 i 

d,I  i n r .  r=I  i ~- hllJ~, . = O. 
dr 

When r 0 ~ oo, however ,  one obta ins  

R ~ n = c o s a l n p + h i o a F n l S i n a i , ~ p ,  O < p  = ( r - - r o ) <  l, 

w h e r e  a in a r e  the r o o t s  (all rea l )  of  the  equat ions  

(z.i, ~ tg ain ---- p~I, Pin = (1 - -  hlohil~n 2) (hil q- h~o)-i 
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Moreover ,  for u = in and v = jm we have 

b~,,~ = 2%(F~, ,~  F,,,)S~ [S,6~c%(a-j ~ 7-" ~)1-~,  

where 

. ,~ 2 ~ 2 p 2 ~ 1  G~ = [ 2h~o -t- P~(a~-- h~.) 4- (% + h~o) (1 + v v-, 

Fo~ = a~hio  + P~(1 + h~oh~o~ ~ -" P~hio), S~ -= sin ~ .  

On the other  hand, it follows f rom (15) and (16) that 

C~,, = q-i-~ [~,~ - -  l~,,,C~mq~,~b~,~,~], q~,~ = q,,~ sh Y~,~0 + g~ ch Y~,~0, ~,~ = U,~ .+ 0;~o -~- kY'mO~,,,ob~ra,. (17) 

Fu r the rmore ,  by vir tue  of (17) and (16), it is possible to derive f rom (14) an infinite sys tem of equa- 
tions which are l inear  with r e spec t  to B n = C2nQ2nRmt: 

B~ + Y,~=)B~2o~Tm,t,~ = ~F~ = A,~ + P~, 

where  

T~,z, ~ = R~176 b~t,~,bl~,,; H,~ = z~'~ "i- f ~- Y"m T ,  . . . .  H, ,  (18) 
R~,,Q1,jt ~ " Q~,L ' 

and the components of 'In a re  one (lO n) a function of and one (A n) independent of v i, ui, and u; here  R2m 

= R2nl r = r  t- 

With p assumed  rea l ,  as will be proved la te r  on, the method in [8] will yield the est imates  

~',~'l ~ l n <  co, < c ~ ,  (19) 

where 

and for the f i rs t  of which, pertaining to an infinite sys tem,  all theorems applicable to a finite number  of 
uaknowns [9] will re ta in  their  validity. For  instance,  B n can be determined according to the Kramer  rules  
and 

C~ = (R,~xDQ,.) -1 ~z(--1)~§ 

where D is an infinite determinant  whose n- th  row is filled with the coefficients of Bl in the increasing 
o rde r  of l f rom the n- th  equation of sys tem (18), and where D/n is obtained f rom D by removing the n- th  
column and t h e / - t h  row. However,  both D and D/n are  normal  de terminants ,  by vir tue of the obvious con-  
vergence  of the infinite product  of the i r  diagonal elements (1-elementsl  and also by virtue of the second 
es t imate  in (19). As is well known, the same  s ta tements  apply to normal  as to finite determinants  [9]. 

In o rde r  to find the t i functions f rom their  t r an s fo rms ,  it remains  now to apply the inversion theorem 
and the Cauchy res idue  theorem to the contour of integration which excludes the r ight-hand half-plane [5]. 
As it turns out, 

( ( dD ~-'~, ~Q,~Zm(__l )n+mD,~rno,rn} , (20) t i = F i + 2 Z.~lim~,l \ ~ P ]  " 

where  

~,, = P'~-p 4- A,~(epz-- 1) + ev* ;P,~e-P~ d'c, 

0 

o2,~ = R~mZ~mQ.,,~, o m  = Y.~lO2,~R~fll.~QI~ . 

In (20) p/ are  the roots  of the t ranscendenta l  equation 

D (~) = D J ~  0. (21) 
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As is evident f rom (18), 
mode [7] in a sys tem where  

All roots/~l  in (20) a re  assumed  to be s imple  ones,  following an analysis of the Eq~ (2i) s t ructuye 
and on the basis of analogy with conventional solutions in heat conduction theory.  An analysts  of v e ry  
specif ic  cases  with multiple roots  of Eq. (21) does not p resen t  any fundamental difficult ies.  

Since all coeff icients  in Eq. (21) a r e  r ea l ,  hence all its complex roots  must fo rm conjugate pa i r s .  
If one extends the method shown in [5], however ,  then it can be proved that Eq. (21) has no complex roots .  

Indeed, let  F be a root  of Eq. (21), i .e . ,  D(F) = 0. 

Then for p = F the re  exis ts  a nonzero  solution to sy s t em  (17)-(18) such as Ctl, for  example,  and 

0 i = Z~Z~R~Ci~ 

a r e  obviously the solutions to the homogeneous equations 

aiL~O ~ : POt (22) 

with homogeneous boundary conditions according to (2)-(5). 

Le t  now F and 7 be two dif ferent  roots  of Eq. (21) and le t  functions 0 i co r respond  to the functions | 
when F is rep laced  by 7. Then Eqs.  (22) and the analogous equations for  0 [ yield 

81 (r~ /~i ( to+l)  

(F- -y)  Xk(t-X)a[-'~dzi y rOiO,dr=B_=_ ~k(i-1)~dzi  y rdr[OiL,@,_O, Lt(}i]" (23) 
l=1,2 0 r o i = 1 , 2  0 r ,  

Integrating the r ight-hand side of (23) and usIng the boundary conditions, we obtain 

(ro+l) 

B= k (i-1) rdr 0 i ~ - O  i Oz~ J~=o 
t ~ 1 , 2  ro 

It follows f rom he re  that r and T cannot be complex-conjugate  quantit ies.  If they were ,  then 0 i and 
| would have been conjugate too and the left-hand side of (23) would be posi t ive in violation of the Iast  
equali ty (B = 0). 

T h e r e f o r e ,  Eq. (21) can have only posi t ive roots  and this jus t i f ies ,  specif ical ly ,  the assumption 
on which es t imates  (19) have been based.  The roots  can be found convenient ly by the Newton method. 

(21) and (20) a re  pa r t i cu la r ly  useful f o r t h e  analysis  of a regu la r  heating 

[T l , a l ) ) [  2~)T~,l~[, I, n = l ,  2 . . . . .  ~ ,  

which is possible  when 

g l ( (  1, 

The l as t  inequalit ies a r e  valid if 

hxl << I, gl << I, 6i << 1, (24) 

i .e . ,  at a contact  between two di f ferent  disks at  modera te  ra tes  of heat  t r a n s f e r  to the ambient  medium. 

When (24) is sa t isf ied,  then (21) and (18) yield 

n 

f rom which the roots  #l can be de termined.  

In (20), moreove r ,  

Znotebll~ bm 

F o r  fas te r  calculat ions,  the p rob lem can be p ro g ram m ed  for  a digital, computer .  Evidently,  p r o -  
g ramming  the analyt ical  formulas  der ived  h e r e  is p r e f e r ab l e  to d i rec t  numer ica l  integration of the sys tem 
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(I)-(6), especially in the case of large cylinders and in the case of a long process. 

Ti 

~ ,  'h 
T-1 

ai 
R, roR 
d i  
Zi, r 
T 

(TM-T O) 

t i = (Ti-T0)/(TM-T0) , 
z i = t z i l / R  , 
r = Y/R, 
6 i = di /R,  
~- =~ ~ / R  2, 
hiA =/3 tAR/ki, 
gi -- Ti R _/-ki, 
k = }2/k~, 
ai _ (~ /~ ) i -~ ,  
f = kl/TR 
ts i ,  tAi 

NOTATION 

is the temperature of the i-th cylinder; 
are the coefficients of heat t ransfer  to the medium; 
is the thermal contact resistance between cylinders; 
is the thermal conductivity; 
is the thermal diffusivity; 
are  the width and the inside radius of a ring; 
is the height of a cylinder; 
are the space coordinates; 
is the time; 
is the maximum difference between ambient temperature and initial tempera- 
ture of cylinders; 

are the dimensionless variables and characteristics; 
is the ambient temperature at z i = 6 i and at r = rA, respectively. 

i. 

2. 

3. 

4. 

5. 
6. 

7. 
8. 
9. 
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